Longitudinal inspections of thickness at particular locations along a pipeline provide useful information to assess the lifetime of the pipeline. In applications with different mechanisms of corrosion processes, we have observed various types of general degradation paths. We present two applications of fitting a degradation model to describe the corrosion initiation and growth behavior in the pipeline. We use a Bayesian approach for parameter estimation for the degradation model. The failure-time and remaining lifetime distributions are derived from the degradation model, and we compute Bayesian estimates and credible intervals of the failuretime and remaining lifetime distributions for both individual segments and an entire pipeline circuit.
Introduction

Motivation and Purpose
Repeated measures of wall thickness across time at sampled locations along a pipeline circuit can be used to evaluate the reliability of a pipeline. Degradation models for longitudinal inspections of the pipeline thickness can be used to describe pipeline corrosion behavior, estimate the lifetime distribution of pipeline components, and predict the remaining lifetime of a pipeline circuit. There are two different purposes for such analyses: (1) estimating the life time cumulative distribution function (cdf) of pipeline segments to provide information that can be used to plan the construction of future pipelines and (2) to estimate the remaining life of an existing pipeline curcuit. Depending on degradation and corrosion mechanisms, different statistical models and methods are needed to analyze pipeline data. In this paper, we analyze thickness data from two different pipelines and propose degradation models for each application. In some degradation models, it is computationally challenging to estimate parameters using the traditional likelihood-based method. Bayesian methods with appropriate prior distributions provide an alternative approach for estimating parameters of a complicated degradation model. In addition, evaluation of the failure time and remaining lifetime distributions is also computationally feasible and efficient when using the Bayesian method. The second pipeline data set is from a different facility. Figure 2 displays time plot for the pipeline data from Circuit Q in Facility 1. The data set consists of thickness values at 33 TMLs and each TML was measured at 4 times. Three component types of the pipeline in this data are elbow, straight pipe, and tee. In this facility, the first measurement was taken at the pipeline installation date. The time plot indicates that the original thicknesses vary from TML to TML. Also, the tee pipes are generally thicker than the elbow and straight pipes.
Pipeline Data
Related Work
Degradation models are often used to assess reliability of industrial products. Lu and Meeker (1993) illustrate that under some simple degradation path models, there can be a closed-form expression for the failure time cdf. Chapter 13 of Meeker and Escobar (1998) gives a general introduction to degradation models and describes the relationship between 
Overview
The rest of this paper is organized as follows. Section 2 proposes a degradation model for pipeline data from Circuit G in Facility 3 and uses the Bayesian approach to estimate the parameters in the degradation model. Section 3 derives failure time and remaining lifetime distributions for the circuit and computes the Bayesian estimates and the corresponding credible intervals. Section 4 analyzes pipeline data from Circuit Q in Facility 1. A degradation model is proposed to describe the corrosion initiation and growth behavior observed in this pipeline. Section 5 evaluates the failure time distribution and predicts the remaining lifetime distribution of Circuit Q in Facility 1. In order to study the data needed for estimability, Section 6 analyzes simulated data for a single circuit having more than one inspection after corrosion initiation. Section 7 contains the concluding remarks and areas for future research.
Modeling Pipeline Data from Circuit G in Facility 3
In this section, we focus on the analysis of the pipeline data from Circuit G in Facility 3
shown in Figure 1 . We propose a degradation model and Bayesian estimation with diffuse prior distributions to estimate the parameters of the degradation model.
Degradation Model for Pipeline Data from Circuit G in Facility 3
Let Y it k denote the pipeline thickness at time t k for TML i (i = 1, 2, . . . , 88; k = 1, 2, . . . , 7).
We assume that the degradation path of Circuit G in Facility 3 is linear with respect to inspection time and has the form
where β 1 i is −1 times the corrosion rate at location i and ik is the measurement error term. Here y 0 is the original thickness at installation time t 0 . Specifically, the original thickness y 0 is 0.25 inches and the installation time t 0 is February 12, 1990. The precise dates of installation and beginning-use were not available and this date was obtained by extrapolating backwards in time. Because the corrosion rate defined as the thickness change per year varies from location to location and could only be negative, β 1 i in the degradation model (1) is a positive random variable. To guarantee a positive β 1 i , we assume that β 1 i has a lognormal distribution [i.e., β 1 i ∼ Lognormal (µ β 1 , σ 2 β 1 )] and that the measurement error is ik ∼ NOR (0, σ 2 ). Thus the parameters in the degradation model (1) are: θ = (µ β 1 , σ β 1 , σ ) .
Bayesian Estimation of the Parameters in the Degradation
Model
Bayesian estimation with the use of diffuse prior information is closely related to likelihood estimation (with a flat prior, the Bayesian joint posterior distribution is proportional to the likelihood). Bayesian methods provide a convenient alternative for estimating the parameters in the degradation model, particularly because we need to make inferences on complicated functions of the model parameters.
For the example, we use a normal distribution with mean zero and a large variance [i.e., NOR (0, 10 3 )] as the prior distribution for the parameter µ β 1 . The prior distributions for σ β 1 and σ are Uniform (0, 5). We obtain a large number of draws from the joint posterior distribution of the degradation model parameters using Markov Chain Monte Carlo (MCMC) implemented in OpenBUGS. Table 1 presents marginal posterior distribution summaries for the parameters in θ, including the mean and 95% credible intervals. Figure 3 
Statistical Model for Different Quadrants
In Sections 2.1 and 2.2, we assumed that the corrosion rates of different quadrants from the same location follow the same distribution. In non-vertical pipes, however, the corrosion rate of locations in the upper quadrant might be expected to differ from that in the lower quadrant at the same TML. The degradation model in this section assumes that means of the logarithm of the corrosion rates vary from quadrant to quadrant. Assuming that the circuit with initial thickness 0.25 inches was installed on February 12, 1990, the degradation model is
where β 1 i j is the corrosion rate of quadrant j at TML i (i = 1, 2, . . . , 22; k = 1, 2, . . . , 7; j = 1, . . . , 4) and i j k , as before, is the measurement error term. Similar to model (1), β 1 i j is also positive in model (2) . We assume that β 1 i j has a lognormal distribution [i.e., β 1 i j ∼ Lognormal (µ β 1 j , σ 2 β 1 )] and i j k ∼ NOR (0, σ 2 ). The parameters in model (2) are: θ = (µ β 1 1 , µ β 1 2 , µ β 1 3 , µ β 1 4 , σ β 1 , σ ) . The Bayesian method is again used to estimate θ. Table 2 presents marginal posterior distribution summaries for the parameters in θ, including the mean and 95% credible intervals. Figure 4 shows the time plot of the fitted thickness values for different quadrants of this circuit. (1) and (2) are −2574.0 and −2633.0, respectively.
Because model (2) has an importantly smaller DIC than model (1), we can conclude that there is a quadrant effect.
3 Models Relating Degradation and Failure in Circuit G of Facility 3
Bayesian Estimation of the Failure Time Distribution
The degradation path over time is D = D(t, θ). The failure of an individual segment in a pipeline is said to have happened when the remaining pipeline thickness is less than the critical level D f (0.05 inches in our example). This is known as a "soft failure" definition and such critical levels are determined through engineering judgment as the thickness below which there is risk of a leak. Because segments of quadrant j in the pipeline can be expressed in a closed form:
where Φ nor is the standard normal cdf.
The failure time distribution, as a function of the degradation parameters, can be evaluated simply by using the Bayesian approach. For each draw from the joint posterior dis-tribution, one can evaluate F (t) in (3) to obtain a corresponding draw from the marginal posterior distribution of failure time cdf. Table 2 and Figure 4 suggest that the corrosion rate of quadrant 1 from the upper quadrant is the largest among these four different quadrants. Figure 5 (a) displays the estimate of the failure time cdf with two-sided 95% and 80% credible intervals for the pipeline data from quadrant 1 of Circuit G in Facility 3. One can also obtain the corresponding failure time cdf plots for other quadrants. But with the largest corrosion rate, the failure time plot for quadrant 1 is the most pessimistic.
The failure time cdf in (3) is an estimate of the cdf for an individual pipeline segment.
Although the primary interest is to estimate the lifetime of a pipeline viewed as a series system of many segments, the life time cdf of an individual pipeline segment provides useful information to plan the construction of future pipelines.
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Prediction of the Remaining Life of the Current Circuit
In the pipeline application, the remaining life of a particular segment of a circuit is an important quantity for assessing the lifetime of the pipeline. The cdf of the remaining lifetime F RM (t) conditional on surviving until the last inspection time (January 2003) is
where t c is the last inspection time and F (t) is the failure time distribution derived in Section 3.1. As before, evaluating (4) at posterior draws provides estimates and the corresponding credible intervals of the remaining lifetime cdf. Figure 5 
where F RM (t) is the remaining lifetime cdf for a single segment. If one wants to control F M (t), such that F M (t) = Pr[T min ≤ t] = p, then one would choose the threshold to be t p = F −1 M (p), the p quantile of the distribution of the minimum T min among the M pipeline segments. The translation to the adjusted quantile in terms of the remaining lifetime cdf F RM (t) is as follows:
This indicates that p quantile of the minimum remaining lifetime distribution of the population of M segments corresponds to the 1 − (1 − p) 1/M quantile of the remaining lifetime cdf for each segment. Figure 6 shows the posterior density of 0.1, 0.2, 0.3, and 0.4 quantiles of the minimum remaining lifetime distribution with the population size M = 100 using the degradation models (1) and (2) respectively. Model (2) is more conservative than model (1) as it generates the smaller quantile estimates. The small quantile estimates suggest that the Circuit G in Facility 3 could have leakage risks within one year after the last inspection. One should pay closer attention to this circuit.
Careful examination, more frequent inspection at more TMLs, or retirement/replacement of the pipeline would protect against the unexpected pipeline leakage. Figure 7 is a trellis plot for the pipeline data from Circuit Q in Facility 1. Each panel of the trellis plot corresponds to thickness measurements for a specific TML. The trellis plot suggests an interesting pipeline corrosion process. For example, in TMLs #1, #2, and #3, there is no detectable thickness loss in the first three inspections. Significant thickness losses, however, were detected at the forth inspection time. This suggests that the corrosion process was initiated between the third and forth inspection times. At some TMLs (e.g., TMLs #12, #13, and #33), the corrosion appears not to have initiated before the last inspection time. 
Degradation Model for Corrosion Initiation and Growth
We assume that after the corrosion initiation, the corrosion rate is constant for a particular location, but may differ from location to location. We propose a degradation model with a random corrosion initiation time and random corrosion rate to describe the overall corrosion initiation and growth process. The degradation model for the pipeline thickness Y it j at time t j for the TML i (i = 1, 2, . . . , 33; j = 1, 2, . . . , 4) is:
In this model,
• Y it j denotes the thickness measurement for TML i at time t j .
• Y 0i is the original thickness of TML i. Because the distribution of the original thickness depends on the component type of the TML (elbow, tee, or straight pipe), we assume that the initial measurement Y 0i has a normal distribution with different means but a common standard deviation:
-If the TML is an elbow, we assume that Y 0i ∼ NOR (µ y 0 elbow , σ 2 y 0 );
-If the TML is a pipe, we assume that Y 0i ∼ NOR (µ y 0 pipe , σ 2 y 0 );
-If the TML is a tee, we assume that Y 0i ∼ NOR (µ y 0 tee , σ 2 y 0 ).
• β 1i is the corrosion rate for TML i and we assume that β 1i ∼ Lognormal (µ β 1 , σ 2 β 1 ) or β 1i ∼ Weibull (ν β 1 , λ β 1 ).
• T I i is the corrosion initiation time at TML i and we assume that T I i ∼ Lognormal (µ T I , σ 2 T I ).
• ij is the measurement error and we assume that ij ∼ NOR (0, σ 2 ).
• t j is the time when the measurement j was taken.
The model parameters are: θ = (µ y 0 elbow , µ y 0 pipe , µ y 0 tee , σ y 0 , µ β 1 , σ β 1 , µ T I , σ T I , σ ) for the lognormal corrosion rate. When the corrosion rate has a Weibull distribution, the model parameters are: θ = (µ y 0 elbow , µ y 0 pipe , µ y 0 tee , σ y 0 , ν β 1 , λ β 1 , µ T I , σ T I , σ ) .
Bayesian Estimation of the Parameters in the Degradation
Model
In addition to the model, we need to specify prior distributions for the parameters in the degradation model (7) . Gelman (2006) provided general suggestions for choosing proper prior distributions for variance parameters in the hierarchical model. We use the following diffuse prior distributions for the standard deviations σ y 0 , σ β 1 , σ T I , and σ :
σ ∼ Uniform (10 −5 , 0.25).
The fact that pipeline data of Circuit Q in Facility 1 has no more than one inspection after the corrosion initiation results in difficulty identifying the corrosion rate and initiation times in the degradation model. That is, for a given TML with evidence of an initiation, we cannot distinguish between an initiation close to the fourth inspection and a large (in absolute value) corrosion rate and an initiation time close to the third inspection time and a smaller corrosion rate. According to the knowledge from experts in the pipeline application, the median corrosion rates for the TMLs should not exceed 0.022 inches per year. Thus we specify a somewhat informative prior distribution for the median of corrosion rates for TMLs β 1i 0.5 that implies an upper bound on the corrosion rate: β 1i 0.5 ∼ Uniform (10 −6 , 0.022).
Regarding the prior distributions for the parameters µ y 0elbow , µ y 0pipe , µ y 0tee , and µ T I , we use the following priors by specifying the lower and upper bounds of the uniform distributions: The lower bound of the uniform distribution for µ T I is determined by the assumption that the corrosion initiation can only occur after the installation date. Similarly, if the corrosion rate has a Weibull distribution, we specify the same independent prior distributions for the parameters σ y 0 , σ T I , σ , µ y 0elbow , µ y 0pipe , µ y 0tee , and µ T I . For the Weibull corrosion rate distribution, we specify the prior distribution in terms of ν β 1 , the Weibull shape parameter and β 1i 0.5 , the median of corrosion rates for TMLs. The following are priors for the shape parameter ν β 1 and β 1i 0.5 in the Weibull distribution: time is
where Figure 13 shows failure time cdfs for elbows, pipes and tees using normal, lognormal and Weibull corrosion rates. The plots suggest that in the degradation model (7), the lognormal corrosion rate provides the most conservative results compared with the other two model assumptions on the corrosion rate. Figure 14 shows failure time cdfs for elbow, pipe and tee segments using the lognormal corrosion rate distribution with two-sided 95% and 80% credible intervals. shows estimates of the remaining lifetime cdfs using the lognormal corrosion rate in the degradation model (7) and the corresponding two-sided 95% and 80% credible intervals.
Predication of the Remaining Life of the Current Circuit
As in Section 3.2, we are primarily interested in estimating small quantiles of the minimum remaining lifetime cdfs for Circuit Q in Facility 1. Figure 17 shows the posterior density TMLs with Initiation TMLs without Initiation Figure 12 : Posterior densities of the initiation times for each TML in Circuit Q in Facility 1.
Effect of Additional Inspections on Identifiability
In Section 4.2, in the analysis of the pipeline data from the Circuit Q in Facility 1, we used a moderately informative prior distribution to describe prior knowledge about the median of the corrosion rates, alleviating the identifiability problem that was caused by having no more than one inspection after any of the observed corrosion initiation events. The results of that analysis showed a large amount of uncertainty in predictions of remaining life. In the actual application, the owners of the pipeline would have to wait until after the next inspection time to obtain more precise estimates of remaining life without using informative prior information.
To investigate this identifiability problem, in this section, we simulate data from model (7) such that there is more than one inspection after an initiation (i.e., data that is similar to those from Circuit Q in Facility 1 but with additional inspections at future times). We continue to use a lognormal corrosion rate distribution. Figure 18 displays the time plot for the simulated pipeline data from a single circuit with 33 TMLs and three components: in the degradation model (7) . elbow, straight pipe and tee pipe. Corrosion was measured at each TML at 5 times.
We use the same diffuse prior distributions used in Section 4.2 for all parameters except for the median of the corrosion rates β 1i 0.5 , i = 1, 2, . . . , 33. Because there is more than one inspection after the corrosion initiation in the simulated data, the identifiability problem no longer exists. Therefore, rather than restrict the upper bound of the prior distribution of β 1i 0.5 to 0.022, we can relax the upper bound to 0.10 providing a diffuse prior for β 1i 0.5 [i.e. β 1i 0.5 ∼ Uniform (10 −6 , 0.10)].
For these simulated data, the Bayesian parameter estimates are close to the true parameter values from which the data were simulated. Figure 19 shows the trellis plot of the fitted (7) and two-sided 95% and 80% credible intervals.
thickness values for the simulated pipeline data using the diffuse prior distributions.
As in Section 5, we used the Monte Carlo simulation method to evaluate the marginal posterior distributions of the failure time cdf at chosen points in time. Figure 20 shows the failure time cdfs for the simulated pipeline data of a single circuit, using the diffuse priors.
Compared with the results in Figure 14 for the pipeline data from Circuit Q in Facility 1, the credible intervals in Figure 20 are much narrower. The reason is that in the simulated data we have more inspections after the corrosion initiation. Thus, the identifiability problem that caused the wide intervals is no longer present. From a practical perspective, having several inspections that occur after an initiation time provides a much more effective estimation of • The model with linear degradation paths and the constant corrosion rate can be extended to the models having nonlinear relationships between pipeline thickness and time.
• Each pipeline circuit within a facility, viewed as a series system of many segments, could be considered as a component in a large complex system of circuits. In some applications, the life time of such a pipeline system could be important.
• In some pipeline applications, it may be possible to obtain dynamic covariate information such as temperature, flow, and type of material. The degradation models could then be generalized by incorporating this dynamic covariate information into the modeling and priors in the degradation model (7) and two-sided 95% and 80% credible intervals.
